A new procedure for large-scale calculations of the coefficients of fractional parentage (CFP) for manyparticle systems is presented. The approach is based on a simple enumeration scheme for antisymmetric N particle states, and we suggest an efficient method for constructing the eigenvectors of two-particle transposition operator P N 1 N in a subspace where N 1 and N 2 = N − N 1 nucleons basis states are already antisymmetrized. The main result of this paper is that according to permutation operators P N 1 N eigenvalues we can distinguish totally asymmetrical N particle states from the other states with lower degree of asymmetry. 
Introduction
The wave functions of the bound states of a system of identical fermions must be characterized by exact quantum numbers; they must be antisymmetric with regard to permutation of all coordinates of any two particles, and finally, such a function must be translationally invariant. In general, the coefficients of fractional parentage (CFP) may be defined as the coefficients for the expansion of the antisymmetric N particle wave function in terms of a complete set of vector-coupled parent-state wave functions with a lower degree of asymmetry. One of the most efficient methods for the construction of many-particle wave functions with well-defined permutational symmetry and exact quantum numbers (J -total angular momentum and T -isospin) is the iterative procedure for calculation of CFP developed in classical works [1, 2] . However, due to the high degree of degeneracy of shell-model states, the set of exact quantum numbers in many cases is not rich enough to enumerate different asymmetrical states of the system.
One of the efficient methods of the CFP calculation, based on complete rejection of higher-order-group-theoretical classification of many-particle asymmetrical states, was first introduced in [3] . In such approach many-particle asymmetrical states are characterized only by a welldefined set of quantum numbers: the number of oscillator quanta E, the configuration K (with specified intermediate coupling), the total angular momentum J, parity π, isospin T , and one additional integer quantum number ∆ = 1 , which is necessary for unambiguous enumeration of the basis states. Here is the rank of the corresponding antisymmetrization operator matrix. Rejecting the precise labelling of the model-space wave functions according to quantum numbers of high-order groups, such as seniority, one obtains a great simplification of the antisymmetrization procedure. In paper [4] that approach has been implemented for one-particle and two-particle CFP. In this paper we present a new and simple method of CFP calculation, based on calculation of eigenvalues of twoparticle transposition operator P in subclusters where N 1 and N 2 = N − N 1 nucleons basis states are already antisymmetrized. In Section 2 we discussed antisymmetrization in the correlated many-particle basis. Section 3 is devoted to description of the new and original procedure for CFP calculation. Computational results for three and four identical fermion systems in translationally invariant basis are presented in Section 4. Conclusions are given in Section 5. The main result of this paper is that according to permutation operators P N 1 N eigenvalues, we can distinguish totally asymmetrical N particle states from the other states with a lower degree of asymmetry and find CFP of the N-particle system.
Antisymmetrization in a correlated many-particle basis
The antisymmetric angular-momentum-coupled N particle wave functions in an isospin formalism may be expanded in terms of a complete set of the angular-momentum coupled parent-state wave functions with a lower degree of asymmetry. The most convenient way to construct such expansion is by the method of CFP [4] . In the case where an N particle system is divided in two clusters, with N states, which have identical oscillator quantum number E total angular momentum J and isospin T ( = 1 2).
The wave functions of the first and second clusters are antisymmetric only with respect to permutations of the intrinsic variables of the clusters. The single-particle variables are ≡ − → σ τ (a set of the corresponding radiusvector, spin, and isospin variables) and { ⊗ } denotes a vector-coupling of the first cluster wave function with the second cluster wave function. For the CFP calculation it is enough to calculate the Nparticle antisymmetrization operator matrix into the basis of appropriate functions with a lower degree of asymmetry [3] . The antisymmetrizer may be expressed in terms of permutation operators P of the symmetrical group S N : 
The operator A 
The matrix Y , as the matrix A, is also symmetric and real projection matrix
The eigenvalues of Y are only zeros and ones. Eigenvectors F , corresponding to eigenvalue one, describe the physical, totally asymmetrical states of the N-particle system. Eigenvectors, corresponding to eigenvalue zero, describe the spurious nonphysical states. The Y spectral decomposition is given by [3] :
The subscripts indicate the dimension of the corresponding matrix, equals the dimension of the basis, and is the rank of the matrix Y . The normalization condition for eigenvectors F is:
i.e., the columns with the same quantum number ∆ = 1 are normalized to unity and are orthogonal. The matrix elements of F are CFP. Finding CFP in that way, first of all we have to calculate the Y matrix. The general form of the operator Y is:
For bases with separated one and two particle variables, the calculation of operators Y matrix elements is not difficult. When functions are asymmetrical with respect to all variables, expect that for the last particle, the Y operator is simply
In the case of N − 2 and 2 particles clusterization, Y equals:
For the calculation of operators Y first of all we need to calculate transposition operators P matrix elements. The number of independent transposition operators P increases, when clusterization N 1 and N − N 1 is used. In the general case, described by (8), it is not so easy to calculate CFP as Y matrix eigenvectors, corresponding to eigenvalue one. Actually, when we are constructing CFP through the Y matrix, we are solving the problem of eigenvalues and eigenvectors. In Sec. (3) we will present a more efficient way of CFP discovery, based on calculation of two-particle transposition operator P eigenvalues.
Eigenvalues and eigenvectors of two-body transposition operator
In this section we present the case where antisymmetrized N particle states in harmonic oscillator (HO) basis are constructed through already antisymmetrized N 1 and N 2 = N − N 1 nucleon clusters respectively. For the graphical representation of the problem we will use Young diagrams of the symmetrical group S (N) [5] . As is well known [7] , the standard labelling of the basis spanning a
the Standard Young Tableaux (SYT). The SYT consists of entries = 1 N filling the Young diagram corresponding to the representation in all possible ways satisfying the Young rules [7] . We can use the operator Λ (λ) which is defined as the sum of all possible two-body transposition operators P :
The operator Λ (λ) eigenvalues are directly related to the character of class 1
2 of the symmetrical group S (N) irreducible representation and can be expressed in the following way [8] :
Here is the number of rows in Young tableau, representing the symmetrical group; λ is the number of boxes of a Young tableau in each row. ], respectively. These states are states with lower degree of asymmetry.
In case when the N-particle system is composed of the already antisymmetrized N − 1 particle cluster, only two representations of asymmetrical N particles system exist: Applying (11) for N − 1 and 1 particles clusterization, we have:
The summation 
and its eigenvalue for the lower symmetry state λ = 21
Knowing P N−1 N eigenvalues we can easily distinguish states with a different degree of asymmetry. Eigenvectors of operator P N−1 N , corresponding to eigenvalue −1, are CFP of the N-particle system, composed of N −1 particles previously antisymmetrized cluster. exists (see Figure 1c) . Operator Λ (λ) eigenvalue for this representation equals: Λ 2 2 1
We can apply (11) for this clusterization:
The operators Λ N−2 (λ) and Λ 2 (λ) specify asymmetrical states of the first and second clusters respectively. The is operator Λ 2 (λ) eigenvalue, equal to −1. Now we have three sets of operator P N−2 N eigenvalues:
As in the previous case, operator P N−2 N eigenvectors, corresponding to eigenvalue −1, are the CFP of the Nparticle system, when the system is divided in to two already antisymmetrized clusters with N − 2 and 2 particles respectively. In general case, when we have two antisymmetrized clusters, consisting of representations is:
(24) The expression for operator Λ (λ) equals:
The sum
P describes transpositions of particles from different clusters. Due to the identity of all particles, instead of the sum, we can choose the transposition operator P N 1 N From (25) we can easily find operator P N 1 N expression: 
It can be easily seen that from (28) we can get (17), (22) and (23).
The main result of this section is that operator P N 
Computational results
Calculations of the eigenvectors of the two-body transposition operator P N 1 N are performed in a complete multi-ω model space. To ensure translational invariance of the particle wave function, we utilize the normalized Jacobi coordinate system. In the three-body case [9] , Jacobi coordinates are: 
where [ ] is shorthand notation for (2 + 1) (2 + 1) . The expression | 3 is the general harmonic-oscillator bracket as defined in [10] . The 1 1 1 are the HO energy, angular momentum and total angular momentum corresponding to the Jacobi variable ξ 1 ; 2 2 2 2 are the HO energy, angular momentum, total angular momentum, spin and isospin corresponding to the Jacobi variable ξ 2 ; 1 1 1 and 2 2 2 2 2 are the same quantities, corresponding to permuted Jacobi variables
L and S are the total angular momentum and the spin of a three-body system, EJT MM T are the number of oscillator quanta, the total angular momentum and magnetic projections of quantum number of J and T of three-particle system. The Young diagrams of the symmetrical group S(3) representations in the three-body case are [ ; the corresponding eigenvalues of the operator P 13 equal to −1 and 1 2 For illustration purposes we calculated the number of three-particle states, corresponding to the eigenvalues −1 and 1 2 of the operator P 13 in cases when JT = 3/2 3/2 and JT = 7/2 3/2 The computational results are presented in Table 1 . In the four-particle case [11] we used clusterization N 1 = N 2 = 2. The set of Jacobi variables, corresponding to that clusterization is:
and corresponding basis states equal
The matrix element of the operator P N 1 N = P 24 is given by [11] :
Here and 2 ( = 1 2) are HO energy, angular momentum, total angular momentum, spin and isospin of unpermuted and permuted two-particle clusters, respectively; and are HO energy and angular momentum corresponding unpermuted and permuted centres-of-mass relative motion coordinates η 3 For illustration purposes we calculated the number of four-particle states corresponding to each eigenvalue of the operator P 24 in cases when JT = 1 2 and JT = 4 2 The computational results are presented in Table 2 . 
Summary and conclusions
From the computational results, presented in Table 1 and  Table 2 , one can see evolution of the number of the asymmetrical states in three-and four-particle systems. For the three-particle system when the quantum numbers JT equal 3/2 3/2 there are no asymmetrical states if the number of HO energy quanta equals 0, and only one state with a lower degree of the asymmetry exists. The first asymmetrical three-body states for that quantum number appear when the number of HO energy quanta equals 2. Another three-particle case with JT = 7/2 3/2 shows that three-particle states are not possible when the number of HO energy quanta equals 0. There is only one state with lower asymmetry and no totally asymmetrical states when the number of HO energy quanta equals 2. Asymmetrical states for JT = 7/2 3/2 of the three-particle system are available only when the number of HO energy quanta equals 4. All these three-body calculation have been done for the case when the third particle was added to the cluster of two previously antisymmetrized particles. A similar situation is with the four-particle system, composed of two already antisymmetrized two-particle clusters. We analyzed four-particle cases when JT = 1 2 and JT = 4 2 As one can see there are no four-particle states with such quantum numbers when the number of HO energy quanta equals 0. The first asymmetrical state of four particles exists at the number of HO energy quanta, equal to 2 (case JT = 1 2), or equal to 4 (case JT = 1 2). The obtained computational results confirm theoretically predicted eigenvalues of the operator P N 1 N , presented in Section 3. The main result of this paper is that according to permutation operators P N 1 N eigenvalues, we can distinguish totally asymmetrical N particle states from all the other states with a lower degree of asymmetry and find CFP of the N-particle system as eigenvectors of the symmetrical group S(N) operator P N 1 N . Our new method requires calculation of only one permutation operator. Other methods, presented in [3, 4] and cited in (10), require calculation of two or more permutation operators, which makes things more complicated.
